-5-nucleons and found that the process y + rr -2 rr produces an additive . 5 correction to the CGLN formulas. Further work on "photo" problems such as y + r r -y + rr andy+ N-y + N will also require a knowledge of the y + rr -2 rr reaction.
In the following section, kinematics, isotopic spin and partial-wave decompositions will be considered. It is shown by invariance requirements that the problem under consideration requires only a single invariant function. By assuming that this function has the Mandelstam representation, we are able to locate the singularities and hence to write dispersion relations for the partial-wave amplitudes.
Using the unitary condition and the Omnis 6 -Frazer-Fulco 3 method, we find that the p-wave amplitude satisfies a homogeneous integral equation
and depends on a single real parameter 1\. This constant, although not fundamental, cannot be related to fundamental constants at this stage of
. the theory and must be determined from experiment. Higher partial waves for our process are related directly to the p wave, The p-wave integral equation is solved by the Chew-Mandelstam technique of replacing unphysical singularities by a series of poles, whose positions 7 and residues are determined by crossing symmetry.
Finally in Section III, we discuss neutral-pion decay. It is shown that the decay rate is related to the unknown parameter 1\ In the case when the photon K and meson p 1 are the incoming particles (we shall call this channel I), the variables s 1 , s 2 , and s 3 are related to the energy and momentum transfer in the following ways:.
We use the fundamental metric tensor such that p 1 . p 2 = P 1 P 2 -P 10 P 20 · Units are used in which 1i = c = l and fl = 1, where fl is the mass of the pion.
MU-20472 Fig. 1 . The three channels of the 'I + TT -+ 2TT problem.
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where p and E are the magnitudes of the outgoing pion momenta and energy re..ye~ively, k is the energy of the photon, and we have cos () 1 = ~, all in the barycentric system. Energy-momentum p -conservation leads to Eq. (2) and k == (s 1 -l)/2.Js 1
The S matrix for photopion production from pions can be written as
10 20 30 where P 10 , P 20 , and P 30 are the energies of the mesons.
The decomposition of T will be considered as follows:
First, we decompose T into the product or sum of the products of an isospin-dependent function and an isospin-independent function. Next, the isospin-independent function (functions) is (are) decomposed into the product or sum of products of a gauge -invariant, Lorentz -invariant function and a function of s 1 , s 2 , and s3" We can perform all these decompositions by using the known conservation laws or invariance properties such as the conservation of parity, conservation of G-parity ( G-conjugation is the combined operation of charge conjugation and 180-deg rotation about they axis in isotopic spin space), gauge invariance etc. With these inva.riance properties and the pseudoscalar nature of pions, we find that only a single pseudoscalar quantity can be formed from the four independent kinematic four -vectors, and the final 2;r state must have isotopic spin one. Thus the problem under consideration requires only one scalar transition amplitude. Therefore, we can define the scalar amplitude M{ s 1 s 2 s 3 ) by (5) where a, f3, andy are the isotopic indices of the pions, and E P. and a~"y e X.lif.Lv are the conventional antisymmetric tensors of third and fourth rank, respectively. The fact that a single scalar transition amplitude is required for the problem is a great simplification; we believe this may be the unique situation in strong-coupling physics with such a n1ce
property.
-9- Here we separate out the p-wave part for special consideration, the higher part of the amplitude to be calculated later in terms of the p-wave part.
Using the method of Jacob and Wick; 8 we can write the partial-wave decomposition of our scalar amplitude M as 
Using the formula Zs' 2 +s 1 -
where e 2 , the barycentric-system emission angle for channel II, can be obtained from formula ( l 0) by interchanging s 1 and s 2 "
Before discussing the analytic properties of partial-waves, let us make a subtraction byremoving the p-wave part of Eq. (7b): 
In our approximation on below, we shall let Im M( s 2 , cos 8 2
assuming that iT-iT phase shifts are small in all states for i. > l; so that Eqs. ( 13) and ( 15) give the formula for the higher-angular-momentum part of the amplitude in terms of the p wave.
It is not hard to locate the singularities of the M/s in the s 1 ..
gives the left-hand cut from 0 to -oo. The discontinuity across the left-hand cut is related to the absorptive part of the amplitude for channel II by crossing relations. The apparent singularity from the vanishing of the second denominator in formula ( 12) was introduced artificially through the separation into partial fractions of one of the terms in formula ( 7b). This singularity can be easily seen to vanish after the integration in Eq. ( 13) is performed.
In order to be able to write the dispersion relation for the partial-wave amplitudes, we must consider their asymptotic behavior.
The unitary condition tells us that ·M.e ( s 1 ) goes to zero as s 1 approaches . f' . . The region of convergence of our Legendre polynomial expansion can be determined from formula (12) . Since a function of cos e 2 can be expanded in Legendre polynomials within a singularity-free ellipse with foci at -1 and + 1, we must find the position of the nearest singularity in cos e 2 . This singularity can be located from the vanishing of the deno·-minator of formula ( 12) in the region where p is not zero. Using formulas (8a) and 8b) for the boundary curves of this region, we find that the expansion converges on the left-hand cut as long as we have s 1 
In this problem, the imaginary part of M 1 ( s 1 ) for s 1 ~ 0 is not known but is related to the p-wave amplitude through the crossing relation ( 17).
From now on we shall concentrate on the f.= 1 solution and leave the calculation of higher waves to Eqs. (13) In general, we would obtain a 11 multiple-pole formula 11 by replacing the left-hand branch cuts by a series of poles. The There are relations of this kind for all derivatives at S 1 = l, but these three will serve our purpose if we consider only one-or two-pole formulas. In general, the more poles we put in to replace the left cut, the more accurate the p-wave solution we would obtain and the more derivative conditions we need.
We are now in a position to derive pole formulas for our problem. The "one -pole" case will be considered fir st. Let us write I\' Note finally that in the physical region, the difference between our one -pole and two-pole solutions is not great. Thus we may be confident of the accuracy of our two-pole results once the parameters of the two-pole ,.,. scattering formula are known.
... .
. Table I  Table of parameters Recently, Chew and Low have proposed a general method for analyzing the scattering of particle A by particle B, leading to three or more final particles, in order to obtain the cross section for the interaction of A with a particle which is virtually contained in B. 12
This method is useful for unstable particles such as pions and neutrons from which free targets cannot be made, and hence can be applied to determine the unknown parameter A. of photopion production from pions.
Let us consider the reactions '( + p -p+ 1T + + 1T and (Fig. 3) . We conjecture the existence of a pole in the momentum-transfer variable 1:1 2 and the total energy of the two outgoing pions W in their barycentric system, KL is the photon energy in the rest frame of the target proton, and a T(W) is the total * eros s section for photopion production from pions which is given by
provided we neglect all higher partial-wave contributions.
*The cross section for 1T +, 1T and 1r 0 is the same. Following the standard method, one has (see Fig. 4 ) photons require the first two conditions. The last condition is due to the fact that the meson is a pseudoscalar spinless particle, and the polarizations of two photons decaying from it must be perpendicular to each other.
We assume that, with both p 2 and k 2 on the mass-shell, the scalar function f( -q 2 ) is analytic in the whole complex q 2 plane except for a branch cut on the real axis from -4 to -oo. Using these analytic properties, we can write the dispersion relation for f( -q 2 ): A {-q ) = 2 iT" e t.J 2 p 0
The first factor of the integrand, i.e. the matrix element describing the disappearance of a pion pair with the creation of a photon, may be written as { 36) where F t {S) is the hermitian conjugate of F (S), the pion form factor iT"
iT"
and is given by
where the D 1 function is given by formula {20). The second factor in Eq. ( 35) is just the matrix element for photopion production from pions: This work was performed under the auspices of U. S. Atomic
Energy Commission.
-34-
APPENDIX
The sign function e(x) used in Eq. ( 17) + 2 ) in the left-hand cut discontinuity.
